Standard Monte Carlo method trace photon bundles in a forward direction, and may become extremely inefficient when radiation onto a small spot and/or onto a small direction cone is desired. Backward tracing of photon bundles is known to alleviate this problem if the source of radiation is large, but may also fail if the radiation source is collimated and/or very small. In this paper various implementations of the backward Monte Carlo method are discussed, allowing efficient Monte Carlo simulations for problems with arbitrary radiation sources, including small collimated beams, point sources, etc., in media of arbitrary optical thickness. 
Introduction
The "standard" Monte Carlo method for radiative heat transfer, as presented in various textbooks and review articles [1] [2] [3] is a "forward" method, i.e., a photon bundle is emitted and its progress is then followed until it is absorbed or until it leaves the system. The method can easily simulate problems of great complexity and, for the majority of problems where overall knowledge of the radiation field is desired, the method is reasonably efficient. However, if only the radiative intensity hitting a small spot and/or over a small range of solid angles is required, the method can become terribly inefficient. Consider, for example, a small detector (maybe 1mm 1mm in size) with a small field of view (capturing only photons hitting it from within a small cone of solid angles) monitoring the radiation from a large furnace filled with an absorbing, emitting and scattering medium. In a standard Monte Carlo simulation one would emit many photon bundles within the furnace, and would trace the path of each of these photons, even though only the tiniest of fractions will hit the detector. It may take many billion bundles before a statistically meaningful result is achieved-at the same time calculating the intensity field everywhere (and without need): clearly a very wasteful procedure. Obviously, it would be much more desirable if one could just trace those photon bundles that eventually hit the detector.
This idea of a backward tracing solution, sometimes also known as reverse Monte Carlo has been applied by several investigators [4] [5] [6] [7] [8] [9] [10] . All of these investigations have been somewhat limited in scope, looking at light penetration through nonemitting oceans and atmospheres [4] [5] [6] , computer graphics [7, 8] , reflecting boundaries [9] , and emitting media [10] . All the aforementioned papers have dealt with large light sources (in volume and/or solid angle range), making a backward simulation straightforward.
It is the purpose of the present study to give a comprehensive formulation for backward Monte Carlo simulations, capable of treating emitting, absorbing and anisotropically scattering media, media with diffuse or collimated irradiation (with large or small footprints), media with point or line sources, etc. In addition, the method will be described in terms of standard ray tracing (bundles of fixed energy) as well as using energy partition (bundles attenuated by absorption) [1] (also called "absorption suppression" by Walters and Buckius [3] ).
Theoretical Development
Similar to the development of Walters and Buckius [10] , we will start with the principle of reciprocity described by Case [11] . Let I 1 and I 2 be two different solutions to the radiative transfer equation for a specific medium, 
where r is a vector pointing to a location within the medium,ŝ is a unit direction vector at that point, S is the local radiative source, is the extinction coefficient,¨s the scattering coefficient,
¥
is the scattering phase function, and § denotes solid angle. The principle of reciprocity states that these two solutions are related by the following identity: 
where A and V denote integration over enclosure surface area and enclosure volume, respectively, andn ˆs B 0 indicates that the integration is over the hemisphere on a point on the surface pointing into the medium.
In the Backward Monte Carlo scheme, the solution to I 1 r ˆs [with specified internal source S 1 r ˆs and boundary intensity I w 1 r 1 ˆs ] is found from the solution to a much simpler problem I 2 r ˆs . In particular, if we desire the solution to I 1 at location r i (say, a detector at the wall) into direction # ˆs i (pointing out of the medium into the surface), we choose I 2 to be the solution to a collimated point source of unit strength located also at r i , but pointing into the opposite direction, 
While the I 2 problem is much simpler to solve than the I 1 problem, it remains quite difficult if the medium scatters radiation, making a Monte Carlo solution desirable. Therefore, we will approximate I 1 as the statistical average over N distinct paths that a photon bundle emitted at r i into directionŝ i traverses, as schematically shown in Fig. 1 , or
where the solution for each I 1n is found for its distinct statistical path (with absorption and scattering occurrences chosen exactly as in the forward Monte Carlo method). Along such a zig-zag path of total length l from r i to r w , consisting of several straight segments pointing along a local directionŝ0 
, so that Eq. (7) simplifies to
where c l0 dl0
b 0
indicates integration along the piecewise straight path, starting at r i , and ¦ is the local absorption coefficient. It is seen that I 1n r i # ˆs i consists of intensity emitted at the wall into the direction of # ˆs0 r0 w (i.e., along the path toward r i ), attenuated by absorption along the path, and by emission along the path due to the source S 1 , in the direction of # ˆs0 r0 (also along the path toward r i ), and attenuated by absorption along the path, between the point of emission, r0 , and r i . This result is intuitively obvious since it is the same as the symbolic solution to the standard radiative transfer equation (RTE) [1] , except that we here have a zig-zag path due to scattering and/or wall reflection events.
If we trace a photon bundle back toward its point of emission, allowing for intermediate reflections from the enclosure wall (as indicated in Fig. 1 
where the subscript "1" has been dropped since it is no longer needed. Equation (10) may be solved via a standard Monte Carlo simulation or using the energy partitioning scheme described by Modest [1] and Walters and Buckius [3] . For the standard method scattering lengths li are chosen as well as an absorption length lp . The bundle is then traced backward from r i unattenuated [i.e., the exponential decay terms in Eq. (10) are dropped], until the total path length equals lp or until the emission location r w is reached (whichever comes first). Thus,
If energy partitioning is used only scattering lengths are chosen and I n is found directly from Eq. (10). Radiative Fluxes If radiative flux onto a surface at location r i over a finite range of solid angles is desired, the flux needs to be computed using the statistical data obtained for I n ˆs indicates the amount of collimated flux arriving at r fromŝ 0 , being scattered into the direction ofŝ. Therefore, the diffuse component of the intensity at r i is found immediately from Eq. (9) as 
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V is seen from r. Equation (19) can be used to calculate the direct contribution of Q 0 hitting a detector, and it can be used to determine the source term for the RTE of the scattered radiation as 
Sample Calculations
As a first example we will consider a one-dimensional slab 0 
where l consists of a number of straight-line segments, for which dl0
and H is Heaviside's unit step function. Therefore, some segments may lie totally inside this column, some partially, and some not at all). Starting points distributed across the detector are chosen as in forward Monte Carlo, and a direction for the backward trace is picked from Eq. (13). Again, a scattering distance is found from Eq. (22), after which the bundle is scattered into a new direction. However, rather than having fixed energy, the backward-traveling bundles accumulate energy according to Eq. (24) as they travel through regions with a radiative source. The total flux hitting the detector is calculated by adding up bundle energies according to Eq. (12). Results are included in Fig. 3 , and are seen to coincide with forward Monte Carlo results to about one variance or better (discrepancy being larger at large ¦ | ! 5 m¡ 1 . Forward as well as backward Monte Carlo will be used, and also both standard ray tracing as well as energy partitioning.
Forward Monte Carlo-standard ray tracing: The solution proceeds as in the previous example, except that also an absorption length lp is chosen similar to Eq. (22). If the sum of all scattering paths exceeds lp , the bundle is terminated. Forward Monte Carlo-energy partitioning: The solution proceeds as in the previous example, except the energy of each bundle hitting the detector is attenuated by a factor of o T p l q # ¦ l , when l is the total (scattered) path that the bundle travels through the layer before hitting the detector. Backward Monte Carlo-standard ray tracing: The solution proceeds as in the previous example, except for two changes. First, the local scattering source must be attenuated by absorption of the 
s zj (25) where and are scattering albedo and extinction coefficient, respectively. And again, an absorption length lp is chosen, and the addition in Eq. (25) is stopped as soon as the total path reaches lp or the bundle leaves the layer (which ever comes first). Backward Monte Carlo-energy partitioning: Again, the scattering source must be attenuated as in Eq. (25), but the exponential attenuation term in Eq. (16) must also be retained. Thus,
where the integrand contributes only where the source is active r e R , but attenuation of the bundle takes place everywhere (l0 ! total distance along path from r i to r0 ). The rest of the simulation remains as in the previous case. Results are summarized in Table 1 . As expected, if standard ray tracing is employed, the number of required bundles grows astronomically if the absorption coefficient becomes large, both for forward and backward Monte Carlo. While backward Monte Carlo retains its advantage (indeed, the forward Monte Carlo simulation for ¦ ! 5 m¡ 1 could only be carried out to a variance of 5%), the relative growth of required bundles appears to be worse for backward Monte Carlo. If energy partitioning is employed, the number of bundles remains unaffected by the absorption coefficient for both, forward and backward Monte Carlo.
In a final example a point source of strength Q 0
will be considered for a purely scattering medium. Again, flux hitting the detector will be compared using forward and backward Monte Carlo methods.
The forward Monte Carlo simulation is almost identical to that of the first example, except that all photon bundles are now emitted from a single point, but into random directions. In the backward Monte Carlo simulation, the detector flux again consists of a direct and a scattered component and, again, the direct component is zero, this time because all direct radiation hits the detector at an angle larger than the acceptance angle. The I n are then found from Eqs. where the li j are the straight paths the bundle travels between scattering events. Equation (27) must be integrated numerically, and this can be done using a simple Newton-Cotes scheme; here no optimization of the quadrature was attempted, except that-away from the source-the number of integration points was minimized for small li (large¨s). Alternatively, the integral can be obtained statistically from For small values of¨s the number of photon bundles required to achieve a relative variance of 2% is much smaller for the backward Monte Carlo method, as expected, since the volume with secondary scattering (i.e., the Source S 1 ) is relatively large, and the detector is small. However, as¨s increases, the size of the secondary scattering volume decreases, and backward Monte Carlo becomes less and less efficient. For both methods large¨s mean smaller li j , leading to increased tracing effort for each individual bundle. Numerical integration via Eq. (28) was generally much more efficient than Newton-Cotes quadrature, with N ! 1 usually being sufficient (since the integral is evaluated so many times). However, for large¨s this method became inefficient, requiring many photon bundles to achieve a 2% relative variance. In addition, all methods became inefficient for¨s B 10 m¡ 1 .
Summary
A comprehensive formulation for backward Monte Carlo simulations, capable of treating emitting, absorbing and anisotropically scattering media, media with diffuse or collimated irradiation (with large or small footprints), media with point or line sources, etc., has been given. The basic backward Monte Carlo simulation of Walters and Buckius [3] was reviewed, and was extended to allow for collimated irradiation, point sources, and other sources of small volume/area and/or small solid angle range. In addition, the method was extended to allow standard ray tracing (bundles of fixed energy) as well as energy partitioning (bundles attenuated by absorption). Sample results for radiation hitting a small detector show that forward Monte Carlo methods degrade rapidly with shrinking detector size and acceptance angle. Backward Monte Carlo, on the other hand, is unaffected by detector size, but requires a relatively large radiation source, which -in the case of collimated irradiation or point sources -needs to be created artificially by separating direct and scattered radiation. Even for relatively large detectors/opening angles, using backward Monte Carlo can result in several orders of magnitude lesser computer effort, and becomes the only feasible method for very small detectors. Similarly, using energy partitioning in strongly absorbing media also reduces numerical effort by orders of magnitude for, both, forward and backward Monte Carlo simulations.
